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1 Introduction
$A$ alphabet $A^{*}$ $A$ word
$m,$ $n$ $\mathbb{B}(A,m,n)=\langle A|T^{m}=T^{m+n},$ $\forall T\in A^{*}\rangle$
$m\geq 3,$ $n\geq 1$ word
problem decidability
Theorem 1.1. $m\geq 3,$ $n\geq 1$ $\mathbb{B}(A, m, n)$ word




Definition 2.1. (period of rank k)
$T$ rank $k$ period
(i) $T$ simple
(ii) $|T|=k$
(iii) $T^{3}$ reducible $l$-periodic subword $(l<k)$
Definition 2.2. (long $k$-periodic)
$W$ long $k$-periodic $X,$ $Y$ rank $k$
period $T$
(i) $XWY$ $T$-periodic
(ii) $XW(WY)$ $W$ left(right) $(k-1)$-extension
(iii) $|XWY|\geq|T^{m}|$
(iv) $|W|>|T|$
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Definition 2.3. (reducible $k$-periodic)
$W$ reducible $k$-periodic rank $k$ period
$T$
(i) $W$ $T$-periodic
(ii) $W=W_{1}W_{2}$ ( $|W_{1}|=|T^{n}|$ $W_{2}$ long $k$-periodic )
Definition 2.4. (immediate $k$-extension)
$YX$ $X$ immediate left $k$-extension $Z,$ $W$
(i) $X=WZ$
(ii) $W$ long $k$-periodic
(iii) $YW$ $k$-periodic
Definition 2.5. ( $k$-extension)
$YX$ $X$ left $k$-extension $V_{1},$ $\ldots,$ $V_{k+1}$
(i) $V_{k+1}=X$
(ii) $V_{1}=YX$
(iii) $j\in\{1, . . . , k\}$ $V_{j}=V_{j+1}$ $V_{j}$ $V_{j+1}$ immediate
left $j$-extension
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Definition 2.6. (equal on the rank k)
$X$ $Y$ rank $k$ $\mathbb{B}_{k}(A, m, n)=\langle A|T^{m}=T^{m+n},$ $T$
rank $k$ period $\rangle$ $X$ $Y$
3 A Reduced Form of the Word
$X$ $X$ $k$-reduced form
$X$ $k$-reduced form word $k\geq 0$
$X$ $0$-reduced form $X$
$k>0$ $Y$ $X$ $(k-1)$-reduced form $Y$
rank $k$ $X$ $k$-reduced
form
$\Sigma$ $Y$ maximal $k$-periodic $k$-reduced subwod
$\Sigma$ empty $Y$ $X$ $k$-reduced form
$\Sigma$ nonempty $\Sigma$ word 1 $k$ common
part
$P\subset\Sigma$ $P$ beginning $Q$
$(i)|Q|=|T^{ns}|(s>0)$
$(ii)P=QR$ ($R$ long $k$-periodic)
$(iii)Q$
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$k$-reducible $P\subset\Sigma$ $Q$ $Q$
marked word
marked word disjoint
marked part not disjoint $T$-, $S$-periodic
word $\Sigma$ $\Sigma$ word $\Sigma$ word
period $T$ word period $S$ word
word marked part $Q$ word word
$QR$ ( $R$ long k-periodic) $|R|>k$ word $R$
word $k$ common part
marked word disjoint
$Y$ marked word $X$
$k$-reduced form
Lemma 3.1. $X$ $k$-reduced form $Y$ $X=kY$
Lemma 3.2. $k$ $X$ rank $l(\leq k)$
period $T$ word $B,$ $C$ , $d>0$
$\forall j\geq 2, X^{j}=BT^{dj}Ck-1$
Lemma 3.3. $|X|=k$ $X^{m}=X^{m+n}k$
Lemma 3.4.
(a) $X=Yk$
(b) $X$ $Y$ k-reduced form
4 Inductive Lemmas
Lemma 4.1 Lemma 4.10 rank $k$
Lemma 4.1. $T$ rank $k$ period $W$ $T-periodic$ $XWY$ $T-periodic$
$XW(WY)$ $W$ left(right) $(k-1)$-extension
(a) $|X|<|T|,$ $|Y|<|T|$
(b) $|XWY|\geq|T^{m}|$ $|W|>|T^{m-2}|$
Definition 4.1. (sufficient $T$-periodic)
$T$ rank $k$ period $W$ $T$-periodic $W$ sufficient $T$-
periodic $WC$ long $T$-periodic $(|C|\leq|T|)$ $C$
Lemma 4.2. $W$ long (sufficient) $T-periodic$ $W=XYZ$ $Y$ long l-
periodic. $XY$ $l$-periodic $(l<k)$ $YZ$ long (sufficient)
$T$-periodic
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Lemma 4.3. $W$ long $k$-periodic $V$ $W$ beginning
$V$ long $l$-periodic $(l<k)$ $|V|<|W|-k$
$W$ period $T$ $V$ right shift $V^{+}$ $V^{+}$
$W$
Lemma 4.4. $W$ long $k$-periodic $l<k$ $W$
$l$-periodic
Lemma 4.5.
(a) $XW$ $W$ left k-extension $\backslash V$ $XW$ long $k$-periodic subword $(V$
$W$ ) $W$ long $k$-periodic subword $U$
$U$ $V$ $k$-agreed
(b) $XW$ $W$ left $l$-extension $(W long l-$periodic, $l\leq k)$
$XW$ long $s$-periodic subword $V$ $(s\leq k)$ $s\leq l$
Definition 4.2. (basic subword)
$T$ simple $W$ $T$-periodic $W$ $T^{\infty}$ basic sub-
word $T$ power shift $T^{\infty}$ unique
subword $W$ ( $T$-periodic word
$X$ $X=BWC=DWE$ $|T|$ $|B|-|D|$ )
$W$ $T$-periodic $|W|\geq|T|$ $W$ $T^{\infty}$ basic subword
Lemma 4.6. $W$ sufficient $T$-periodic $W$ $T^{\infty}$ basic sub-
word
Lemma 4.7. $W$ long $k-periodic_{\backslash }XW$ $W$ left $k$-extension
rank $l(\leq k)$ period $U$ $XW$ long $l$-periodic $U’$
$w$ long $u$-periodic
Lemma 4.8. $T$ rank $k$ period $W$ sufficient $T$-periodic
$T^{\infty}$ long $U$-periodic subword $|U|<k$ $W$ $U$-periodic
Lemma 4.9. $T$ rank $k$ period $\backslash W$ $T$-periodic long $l$-periodic $(l\leq$
$k)$ $XW$ $W$ left $l$-extension sufficient $T$-periodic
subword $V$ $l=k$ subword $V,W$ $k$-agreed
Lemma 4. 10. $W$ long k-periodic $XW(WY)$ $W$ left (right) $k$-extension
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